






















Short-wavelength soliton in a fully degenerate quantum plasma
Volodymyr M. Lashkin1,2∗
1Institute for Nuclear Research, Pr. Nauki 47, Kyiv 03028, Ukraine and
2Space Research Institute, Pr. Glushkova 40 k.4/1, Kyiv 03680, Ukraine
We present a novel one-dimensional nonlinear evolution equation governing the dynamics short-
wavelength longitudinal waves in a nonrelativistic fully degenerate quantum plasma using kinetic
equation for the Wigner function. The linear dispersion of the equation has a form of ”zero sound”
∼ k exp(−k2), where k is the wave number, and it strongly differs from previously known nonlinear
evolution equations. We numerically find the corresponding soliton solutions and demonstrate that
the collisions between three solitons turn out to be elastic resulting only in phase shifts.
I. INTRODUCTION
Nonlinear evolution equations are widely used as mod-
els to describe many phenomena in various field of non-
linear science. The classical examples of these equations
are well-known universal models in dispersive nonlinear
media, such as the Korteweg-de Vries (KdV) and nonlin-
ear Schrodinger (NLS) equations etc. [1, 2]. A common
feature of nonlinear evolution equations is the presence
of dispersion and nonlinearity which in some cases can
effectively balance each other and lead to soliton forma-
tion.
In classical plasma, the most known examples of soli-
tons are the ion-acoustic soliton described by the KdV
equation which corresponds to the linear dispersion ω ∼
k3, the Langmuir soliton of the NLS equation (in the sub-
sonic regime) and Alfvén soliton of the derivative NLS
equation with the dispersion ω ∼ k2. Here, ω and k
are the frequency and wave number respectively in suit-
able dimensionless variables. At present, a comparatively
large number of nonlinear equations, including multidi-
mensional ones, and, accordingly, their soliton solutions
in classical plasma are known [3–5]. Note here that, gen-
erally speaking, most nonlinear equations admitting soli-
ton solutions are not completely integrable (unlike, for
instance, the KdV, NLS and derivative NLS equations
and some others [2]), and, therefore, have no the exact so-
lutions describing the elastic collisions between solitons.
Quantum effects in plasmas are important in the limit
of low-plasma temperature and high-particle number
density [6, 7]. Such plasmas are ubiquitous in micro-
electronic devices, in dense astrophysical plasma, in mi-
croplasmas, and in laser plasmas (for example, see the
reviews [8, 9] and references therein). There are two
well-known models for describing the quantum effects in
a plasma. The Wigner and Hartree models are based
upon the Wigner-Poisson and Schrödinger-Poisson sys-
tems which, respectively, correspond to the statistical
and hydrodynamic description of the plasma particles.
Kinetic models of quantum plasmas are based on the
time evolution equation for one-particle Wigner func-
∗Electronic address: vlashkin62@gmail.com
tion in the mean-field approximation, in which the self-
consistent electrostatic or electromagnetic fields are de-
scribed by either Poisson’s equation or Maxwell’s equa-
tions, respectively. The quantum hydrodynamic (QHD)
model generalizes the fluid model by including of quan-
tum statistical pressure and quantum diffraction (the
Bohm potential) terms. Later on, the quantum hydrody-
namics model for plasmas was extended to include mag-
netic fields [10] and spin dynamics [11]. In the framework
of kinetic description, explicit nonlinear one-dimensional
solutions for the stationary Wigner and Wigner-Poisson
equations were presentad in Ref. [12]. Based on the ki-
netic Wigner-Poisson model of quantum plasma, the ki-
netic quantum Zakharov equations that describe nonlin-
ear coupling of Langmuir waves to low frequency plasma
density variations for cases of non-degenerate and degen-
erate plasma electrons were obtained in Refs. [13, 14].
On the other hand, it is the QHD model that is most
often used to study nonlinear phenomena, in particular,
nonlinear waves and solitons in quantum plasmas [8, 15].
In this case, the reductive perturbation technique is usu-
ally used to obtain evolution equations that take into
account weak dispersion and weak nonlinearity. In the
framework of the QHD model, the KdV equation and
acoustic solitons in nonrelativistic, unmagnetized cold
quantum plasmas were obtained in Ref. [16]. In the same
model, nonlinear periodic waves (cnoidal waves), which
generalize soliton solutions of the KdV equation to the
case of periodic boundary conditions, were investigated
in Ref. [17]. In Ref. [18] linear ion-acoustic waves and
ion-acoustic solitons of the KdV equation were studied in
the QHD model for nonrelativistic, unmagnetized quan-
tum plasma with electrons with an arbitrary degeneracy
degree. Under this, the equation of state for electrons fol-
lows from a local Fermi-Dirac distribution function and
applies equally well both to fully degenerate and classi-
cal, nondegenerate limits. In the long-wavelength limit,
the results agree with quantum kinetic theory. The KdV
equation and the corresponding soliton solutions were ob-
tained also in a magnetized quantum plasma in the form
of the magnetoacoustic solitons [19], and in a plasma with
relativistically degenerate electrons [20]. Solitons of the
Kadomtsev-Petviashvili equation, which is a multidimen-
sional generalization of the KdV equation for an unmag-
netized or weakly magnetized plasma [3], were obtained
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for quantum plasmas in Ref. [21]. The same equation
was derived for describing ion-acoustic nonlinear waves in
cold quantum electron-positron-ion plasma [22] and for
magnetoacoustic solitons in magnetized quantum plasma
[23]. The modified KdV equation (the KdV with qubic
nonlinearity, and also completely integrable) in a quan-
tum plasma and its soliton were also obtained in Ref.
[24]. Solitons of the Zakharov-Kuznetsov equation [3, 25],
which is a multidimensional generalization of the KdV
equation for magnetized plasma, were considered for cold
quantum plasma in Refs. [26–29] in the form of the
usual ion-acoustic solitons, explosive solitons and non-
linear periodic waves in terms of the Jacobi elliptic func-
tions and in Ref. [30] for magnetized quantum plasma
with arbitrary degeneracy of electrons. Recently, a non-
linear string equation (one of the forms of the Boussi-
nesq equation) with the linear dispersion ω2 ∼ −k2 + k4
and quadratic nonlinearity for describing quantum two-
stream instability has been suggested in Ref. [31]. The
corresponding analytical solutions have the form of the
blow-up solitons .
As is known, the considered hydrodynamic models are
valid only in the long-wavelength case k ≪ 1 (the wave
number is normalized to the Fermi-Debye length) [7].
Then, the appearance of solitons is due to the balance
of weak dispersion k3 ≪ 1 for the KdV equation, and
k2 ≪ 1 for the NLS, for example, and weak nonlinear-
ity (quadratic and cubic respectively). The goal of this
paper is to derive a novel evolution equation describing
short-wavelength (k ≫ 1) nonlinear waves in a nonrel-
ativistic fully degenerate quantum plasma using the ki-
netic approach. Despite the specific nature of the disper-
sion in the short-wavelength limit (the dispersion of ”zero
sound”) ω ∼ k exp(−k2), which has no counterpart in
classic plasmas, we show that balance between the weak
dispersion and weak quadratic nonlinearity lead to the
formation of solitons. Moreover, we show that collisions
between even three solitons are elastic.
The paper is organized as follows. In Sec. II, we
present our model nonlinear equation that governs the
dynamics of longitudinal waves in a fully degenerate
quantum plasma in the short-wavelength limit. The soli-
ton solutions and elastic collisions between solitons are
presented in Sec. III. Finally, Sec. IV concludes the pa-
per.
II. MODEL EQUATION
Dielectric functions and dispersion relations of quan-
tum degenerate plasmas have been calculated using ki-
netic theory [6, 32, 33]. In the semiclassical limit ~k ≪
pF = ~(3π
2n0)
1/3, the longitudinal dielectric function
in a plasma with completely degenerate electrons in the
zero-temperature limit reads

















where θ(x) is the Heaviside step function, ω and k are the
frequency and the wave vector respectively with k = |k|,
ωp =
√
4πe2n0/m is the electron plasma frequency,
vF = ~(3π
2n0)
1/3/m is the electron Fermi speed, n0 is
the equilibrium plasma density, m and −e are the elec-
tron mass and charge, respectively, ~ is the Planck con-
stant divided by 2π. Analytical expressions for the wave
dispersion can be obtained from the dispersion equation
ε(ω,k) = 0 in the two limiting cases [6, 32–34]. In the
long-wavelength limit ωp ≫ kvF , the dispersion relation









and similar to the dispersion of Langmuir waves in classi-
cal electron-ion plasmas. This dispersion has the optical
type (i. e. ωk → ωc as k → 0, where ωc is the cut-
off frequency) and for the weak nonlinearity is usually
associated with the four-wave interaction and NLS-like
equations. In particular, in the one-dimensional case bal-
ance between dispersion in Eq. (2) and cubic nonlinearity
leads to a soliton similar to the well-known Langmuir soli-
ton. In the opposite case, i. e. in the short-wavelength
limit ωp ≪ kvF , the dispersion relation for the longitu-
dinal wave has the form
ωk = kvF
[










There is no counterpart of the dispersion relation Eq.
(3) in classical plasmas. Note that the dispersion is of
the acoustic type (i.e. ωk → 0 as k → 0). The Landau
damping is absent in both cases Eqs. (2) and (3) since
ω/k > vF . We address a new type of nonlinear evolution
equation which is characterized by the linear dispersion
Eq. (3).
Obtaining of a nonlinear equation with the dispersion
Eq. (3) requires an essentially kinetic description. In
kinetic theory, the response of a plasma to longitudinal
(i.e. electrostatic) wave fields is described by the lin-
ear response and a hierarchy of nonlinear susceptibilities
[35, 36]. In a quantum plasma, this approach was used to
derive the Zakharov equations taking into account quan-
tum corrections [13]. In the following we consider the
one-dimensional case and use the notation
∑
q=q1+q2
· · · →
∫






where δ(x) is the Dirac delta function and q = (ω, k). In
the one-dimensional space the Wigner kinetic equation
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[32, 37, 38] for the quantum electron distribution function








































where ϕ is the electrostatic potential. In the momentum
space eq. (5) can be written as


































where fq(v) is the deviation of the electron distribu-
tion function from the equilibrium one f (0)(v), and ϕ
is the electrostatic potential. The distribution function
f (0)(v) is normalized to the equilibrium plasma density ,
∫























and then integrating over v
′
yields





































We present the function fq(v) as a series in powers of the







f (n)q (v). (9)









































For the nonlinear terms (n > 2) we use the quasiclassical




























Retaining terms in Eq. (9) up to second order in the
































(ω − kv)2 − ~2k4/(4m2)
dv, (17)
is the linear electron dielectric response function from
which one can obtain Eq. (1) and, in particular, the
linear dispersion law Eq. (3), and the interaction matrix

















dv + (ω1, k1 ⇄ ω2, k2). (18)
Note that the expression (18) for the interaction matrix
element Vq1,q2 is written in a symmetrized form. Sin-
gularities in the denominators in Eqs. (16) and (18)
are avoided, as usual, using Landau’s rule by replacing
ω → ω + i0 and then
(ω − kv)−1 = P(ω − kv)−1 − iπδ(ω − kv), (19)
[ω1 + ω2 − (k1 + k2)v]
−1 = P [ω1 + ω2 − (k1 + k2)v]
−1
−iπδ[ω1 + ω2 − (k1 + k2)v], (20)
where P is the principal value of the integrals. Imaginary
parts in Eqs. (19) and (20) account for the linear and
nonlinear Landau damping respectively. As noted above,
the linear Landau damping in a fully degenerate quantum
plasma for the wave with dispersion Eq. (3) is absent, but
the nonlinear Landau damping due to the interaction of
the beat waves with plasma particles is possible [39]. In
this work we neglect the nonlinear Landau damping and
only the principal value of the integrals is understood,
although the corresponding damping term can be easily
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obtained from Eq. (20) in the same way as the nonlinear
Landau damping is obtained in the kinetic derivation of
the NLS equation for Langmuir waves in classic plasma















(ω − kv)2(ω2 − k2v)2
]
f (0)dv + (ω1, k1 ⇄ ω2, k2),
(21)
where ω = ω1 + ω2 and k = k1 + k2. Expanding ε(ω, k)
given by Eq. (1) near the ωk determined by Eq. (3)
yields
ε(ω, k) = ε(ωk, k) + ε
′
(ωk)(ω − ωk) (22)
where ε
′
















After substituting Eq. (22) into Eq. (15) we have






Note that the direct substitution of the equilibrium dis-
tribution function for the one-dimensional fully degener-
ate electrons ∂f (0)/∂v = −n0/(2vF )δ(vF − |v|) into Eq.
(18) after one partial integration is in excess of accuracy,
since it takes into account dispersion terms in the non-
linearity which correspond to k1,2v in the denominators.
Thus, we neglect these terms in Eq. (21) and in the lead-





















Essentially, that the wave dispersion in Eq. (3) has an
acoustic type and in the leading term satisfies the three-
wave resonance condition
ωk = ωk1 + ωk2 , k = k1 + k2. (26)
In particular, this means that this condition, together
with taking into account only the quadratic nonlinearity,
ensures the validity of the successive approximation in
Eq. (9), and this is equivalent [35, 40] to the multi-time-
scale perturbation expansion, i. e. the secular terms are
removed automatically. Taking into account Eqs. (3)
and (26) when calculating Eq. (25), then substituting
Eqs. (23) and (25) into Eq. (24), and introducing the
slow time scale Ω = ω−kvF which balances the dispersion
in Eq. (3) (compare, for example, kinetic derivation of






























































ik exp(−2k2/3)e−ikxf̂(k) dk, (30)
where f(x) is an arbitrary function and f̂(k) is its Fourier
transform, and using the convolution identity
(fg)k =
∫
f̂k1 ĝk2δ(k − k1 − k2) dk1dk2. (31)
one can write Eq. (29) in the physical space as
∂tΦ + L̂Φ + L̂Φ
2 = 0, (32)
so that the nonlinearity has a nonlocal character. It is
seen that ”motionless” (∂t = 0) solutions is not possible.
Note also that in the considered short-wavelength case
k > 1, Eq. (29) can not be simplified by any expansion
in k.
III. SOLITON SOLUTION AND COLLISIONS
BETWEEN SOLITONS
We look for stationary traveling solutions of Eq. (32)
of the form Φ(x, t) = Φ(x − vt), where v is the velocity
of propagation in the x direction. In the Fourier space
the stationary solution corresponds to Φq = Φkδ(Ω−kv)














Finding an analytical solution of Eq. (33) apparently
does not seem possible but one can find soliton solutions
numerically using the Petviashvili method [41, 42]. Equa-
tion (33) are written in the form
GkΦk = Bk, (34)
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FIG. 1: Examples of the soliton solutions of Eq. (32) with
the different velocities v: dotted curve – v = 1.2, solid curve







and Bk accounts for the
nonlinear term. Then the Petviashvili iteration proce-


























and γ = 2 for the quadratic nonlinearity, the parenthetic
superscript denotes the iteration step index. Nonlinear
terms at each step were calculated by using Eq. (31).
The procedure always converges to the nonlinear ground
state, i. e. soliton, regardless of the initial guess. More-
over, the rate of convergence is almost independent of
the initial approximation. We used Φ(x) = exp(−x2) as
the initial guess in all runs. Iterations rapidly converge
to a soliton solution provided that v > 1. In physical
variables, the soliton velocity should satisfy the condi-
tion v > 2 exp(−2)vF ∼ 0.27vF . Note that for the group
velocity vgr = ∂ω/∂k of linear waves with dispersion Eq.
















and vgr < vF . Simulations show that the soliton am-
plitude grows linearly with increasing the velocity v, as
for the solitons of the KdV equation (but not for the
Langmuir solitons of the NLS equation, for which the
soliton velocity and amplitude are independent parame-
ters). Examples of the solitons with different velocities
(amplitudes) are presented in Fig. 1.
We note that, generally speaking, collisions between
































FIG. 2: A typical example of an elastic collision between three
solitons, with the velocities v1 = 4., v2 = 2.5 and v2 = 1.5.
The corresponding initial locations at the moment t = 0 are
x1 = −125., x2 = −105. and x2 = −70..
under certain conditions, for instance, if the soliton am-
plitudes and velocities are sufficiently close to each other
[43, 44]. To study the time evolution of the solitons un-
der their collisions, we numerically solve the nonlinear
equation (32) with the initial conditions given by a su-





Φi(x− xi, t) (38)
at the time t = 0, where Φi correspond numerically found
(up to machine accuracy) soliton solutions with essen-
tially different velocities vi. The time integration is per-
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formed by a fourth order Runge-Kutta method with the
variable time step and local error control. The periodic
boundary conditions are assumed. The linear and non-
linear terms are computed in spectral space. The simu-
lations have been performed for various values of soliton
velocities (and, therefore, amplitudes) both for two soli-
ton (N = 2) and three (N = 3) soliton collisions. An ex-
ample of the elastic collision between three solitons with
the velocities v1 = 4., v2 = 2.5 and v2 = 1.5 is shown
in Fig. 2. In particular, it can be seen that at the time
t = 23 in the inset Fig. 2 all three solitons undergo distor-
tion simultaneously so that two distant solitons feel each
other through an intermediate soliton – this is a typical
many-soliton effect. Then, the solitons fully reconstruct
their initial form without any emitting wakes of radia-
tion (t = 60), resulting only in phase shifts. The overall
picture closely resembles the elastic soliton collisions in
the integrable models [2, 45, 46].
IV. CONCLUSIONS
In conclusion, we have derived the nonlinear evolution
equation governing dynamics of the short-wavelength
longitudinal waves in the fully degenerate quantum
plasma with the ”zero-sound” dispersion and numerically
found the soliton solutions. By numerical simulation we
have shown that soliton collisions are elastic.
The elastic collisions between three solitons might sug-
gest that equation (32) has exact N -soliton solutions and
is completely integrable just like for KdV equation and
others [2, 45, 46], but this is most likely not the case.
In the inverse scattering transform approach there exists
a relationship between some function ω̂(λ), where λ is
the spectral parameter, and the dispersion relation ω(k)
of the linearized equation [45]. In all known cases ω̂(λ)
is the rational function of λ though the associated spec-
tral problem may involve meromorphic functions of the
spectral parameter λ like the elliptic Jacobi functions, as
in the case of the Landau-Lifshitz equation [46]. In any
case, the integrability of equation (32) seems to be an
open question.
Note that the dispersion relation Eq. (3) is the same
as in classical nondegenerate ultrarelativistic plasmas, i.
e. when the plasma particle temperature significantly ex-
ceeds the particle rest mass [6, 34, 47, 48], in the short-
wavelength limit k ≫ ωp/c with the replacement vF → c,
where c is the speed of light and ωp →
√
4πe2c2n0/(3T )
is the ultrarelativistic electron Langmuir frequency and
T is the electron temperature. In reality, ultrarelativistic
plasma consists of electrons and positrons and, in most
cases, a small impurity of nonrelativistic ions. A prelimi-
nary consideration shows that for pure electron-positron
plasma in the thermal equilibrium (electron and positron
temperatures are equal), quadratic nonlinearity vanishes
identically. The situation changes drastically if ions are
present, then one can obtain an equation similar to Eq.
(32). Under this, the dominant nonlinear term comes
from the electrons and positrons while the ion contribu-
tion in nonlinearity is negligible. The detailed analysis
will be presented elsewhere.
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